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Abstract

The sequence reconstruction problem asks for the recovery of a sequence from multiple
noisy copies, where each copy may contain up to » errors. In the case of permutations
on n letters under the Hamming metric, this problem is closely related to the parameter
N(n, r), the maximum intersection size of two Hamming balls of radius ». While previous
work has resolved N (n,r) for small radii (r < 4) and established asymptotic bounds for
larger r, we present new exact formulas for » € {5,6, 7} using group action techniques.
In addition, we develop a formula for N(n,r) based on the irreducible characters of the
symmetric group S,, along with an algorithm that enables computation of N(n,r) for
larger parameters, including cases such as N (43, 8) and N (24, 14).
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1 Introduction and results

The sequence reconstruction problem, introduced by Levenshtein in 2001 [8, 9], involves
reconstructing a transmitted sequence from multiple noisy copies received over distinct
channels, each introducing at most » errors. Later, this problem has attracted interest in
applications such as DNA storage [3, 7], racetrack memories [2], and communication sys-
tems. In combinatorial terms, a key challenge is to determine the maximum intersection size
N(n, r) of two metric balls of radius  centered at distinct sequences. For permutations under
the Hamming metric, this problem remains central due to the relevance of permutation
codes in flash memories [6], power-line communications [10, 13], and DNA storage [1, 12].

Main contributions of [ 14] resolves the sequence reconstruction problem for permutations
under Hamming errors for small radii (» < 4) and provides asymptotic bounds for larger 7. In
particular, it is proved that N (n,2) = 3 (n > 3) [14, Theorem 4]; N(n,3) =4n—6(n >3
) [14, Theorem 5]; and N(n,4) = Tn? — 31n + 36 (n > 4) [14, Theorem 6]. For example,
the latter implies that unique reconstruction requires N (n,4) + 1 = Tn? — 31n + 37 dis-
tinct permutations at distance < 4.

Here by using some elementary results about action of groups on sets, we find an algo-
rithm with input » and output N(n, r). Applying the algorithm we find the exact values of
N(n, r) for r € {5,6, 7}, as follows:

Theorem 1.1 The following hold:

2 739
(@) N(n,5)= %n?’ —89n2 + 3" 220, forn > 5.
181 , _ 401 o n 11783 _ 4153

(b) N(n,6) = " g Wt g5 + 1590, for n > 6.
607 4675 8807 129041 190471
() N(n,?):%rﬁ— 13 nt + 3 n3 — 13 n? + 10 n — 12978, for
n>"T.

Furthermore, in Theorem 4.2, we provide a formula for computing N(n, r) using the irre-
ducible characters of the symmetric group S,, and an algorithm for computing N (n, ) in
this way. The results obtained from implementing this algorithm in GAP [11] are presented
in Table 2, which displays the computed values of N(n, r).

2 Preliminaries

Let n be a positive integer and let [n] := {1,...,n}. For any non-empty subset 4 of [n] we
denote by S4 the set of all permutations on [#] such that they induce the identity map on
[n] \ A; in particular S[,,) is denoted by S,,, for any m € [n]. We denote the identity ele-
ment of S, by I,. For o € S,,, M(o) :={i € [n] | 7 # i}, where i denotes the image
of i under 0. We define T* as {0 € S,, | |[M(o)| < r}. The composition o7 of two per-
mutations o, 7 € S, is defined by i°” = (:7)7 for any 7 € [n]. We use cycle notation for
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permutations: for distinct elements a1, as, . . ., ak, the cycle (a1 as ... ay) denotes the per-
mutation that maps a; — ao, as — a3, ,ax—1 — ag,and ay — aq, while fixing all other
elements. It is well-known that every permutation in the .S;, can be uniquely expressed as a
product of disjoint cycles, except for changes in the order of the factors, so that the rule of
commutation is the property of being disjoint. The cycle type of a permutation 7 € S,, is a
sequence 11, ... nin, where t; denotes the number of disjoint cycles of length i in the cycle
decomposition of 7. By convention, any term with ¢; = 0 is omitted; this applies to 1¢* as
well, so fixed points are not shown. Note that for a permutation 7 with such a cyclic type we
have |M(m)| = D1 i X t;.

For two permutations ¢ and o, we denote 6~ *od by ¢ which is called the conjugate of
o by 4. This defines an equivalence relation on S,,, whose equivalence classes are called
conjugacy classes. The conjugacy class of a permutation o € S,, is the set {¢® | § € S,,}. It
is well known that two permutations in .S;, are conjugate if and only if they have the same
cycle type; therefore, each cycle type corresponds to a unique conjugacy class of .S;,. For
any m € S, and 1, s € [n] such that r < s, we denote the set {(o,7) € T X T | o7 =7}
by Q, (). We denote by Cg,, (o) the centralizer of o in Sy, that is, {0 € S4 | do = 0d}.

For any two permutations o, w € S,,, the Hamming distance d(o, 7) between o and 7 is
defined by |M (o7~ 1)|. For a given o € S,, and a non-negative integer 7, the Hamming ball
of radius r centered at o is defined as B?*(c) := {7 € S,, | d(o,m) < r }. For integers d and
r, define I(n, d, r) as the maximum possible size of the intersection of two metric balls of
radius r in S;,, whose centers are exactly at distance d:

I(n,d,r) = max{|Bf(7r) NBIT)| : m,7 €Sy, d(m,7) = d}.

Then N(n, r), which represents the minimum number of channels needed to guarantee correct
decoding of any transmitted permutation with up to  errors per channel, can be expressed as

N(ur)i= _max |BY(m) 0B ()| = max I(n.d. ).

The authors in [14] determined the exact values of I(n, d, ) ford = 2, 3,4 and for any r > 2
. Moreover, they proposed the following conjecture:

Conjecture 2.1 [14] For any r > 5 and n > r, we have N(n,r) = I(n,2,7).

In [14], it is also shown that Conjecture 2.1 is valid for r = 3,4 and for any r > 5 when n is
large enough [14, Theorem 9] and [ 14, Lemma 3]. In this paper, we will prove the validity of
this conjecture for » = 5, 6, and 7. Most of the following lemma, which will be used in later
sections, has been proved in [15, Lemma 7]. It is presented here for the reader’s convenience
and to clarify its relation to the new notations.

Lemma 2.2 Forany r € [n] and for all m,0 € S, we have |$2,, (7)| = |B*(w) N B*(1,,)]
and |2y, (7)| = |2, (7)| = | T N T, where Tl'w := {pm : p € TI}. In particular,
ifm e T} for some k € [n], then |2, (7)| = |2 r(7")| for some ' € Sk.
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Proof The map defined from £, ,.(7) to £, (77) by (71, T2) — (77, 75 ) is a bijection. The
map defined from T2m N T to Oy, (7)) by 7+ (7771, 7) is a bijection, to see the latter
we need the fact that M (6) = M(0~!) forall @ € S,,. The proof of the first part is complete
with the fact that B)*(0) = 1o, forall o € S,,.

The second part follows from the first equality of the first part and the fact that one can
finda @ € S,, such that 7 € Sy whenever |M ()| < k. This completes the proof. O

Remark 2.3 Since for any permutation o with |M(o)| > 2r we have Q,,,(c) = @, and
in view of [14, Lemma 3] and Lemma 2.2, it follows that if 0;,...,0, are representa-
tives of those conjugacy classes in S,, whose elements move at most 2r points, then
N(n,r) = max{ [Qn,(0;)| : 1 <i < £}. Moreover, for a fixed integer d with 0 < d < 2r

, if of,..., 0} are representatives of those conjugacy classes in S, whose elements
move exactly d points, then I(n,d,r) = max{ [, (o)) 1<i<k } In particular,

I(n,2,r) = |Qy,-(7)|, where 7 is a transposition in S, i.e., a permutation that interchanges
two elements and fixes all others.

We will need the concept of group action in the next section, and we recall it here. A
right action of a group G on a set Xis amap X x G — X, (x,9) — x-g, such that
(x-g)-h=ax-(gh)forall g,h € Gand x - I,, = x forall z € X. For z € X, the orbit of
xis Orb(z) = {x - g : g € G}, and the stabilizer of x is Stabg(z) = {g € G : x - g = z}.

3 Exactvalues N(n,r)forr = 5,6,7

In this section, for a given integer r > 2, we prove several lemmas showing that for any
n > 2r and any o € S,, with |[M(0)| < 2r, the computation of |2, ,.(0)| in S,, can be
reduced to the corresponding computation in Ss,.. We then present an algorithm for deter-
mining N(n, ), and use this algorithm to prove Theorem 1.1.

Lemma3.1 Let r € [n] such that 2r < nand ot = 7, where 0,7 € T and ™ € Sg,. Then
there exist o', 7' € T2 such that o't = 7, where o' = ¢°, 7' = 79 for some § € Cs, (7).

Proof Let A := (M (o) UM(7))N[2r] and A’ := (M (o) UM (7)) \ A. Since 0,7 € T
, we have |[M (o) U M(7)| < 2r, and hence f := |A’| < 2r — |A|. Note that if f = 0, then
there is nothing to prove; hence, we may assume that f > 0. Choose a subset A C [27] \ A
such that [A| = f. Choose a permutation § € S,, suchthatz® € A forallz € A/, 2% € A’ for
allz € A,and ° = x forall = € [n] \ (A’ U A). Such a permutation exists since |A’| = |A|
. Conjugating the equality 07 = 7 by &, we obtain 7% = 7. Since M (7) C A and 6 acts
trivially on A, it follows that 7° = 7, and hence d € Cs, (7). By construction, all points in
M (%) and M (7°) lie in [27]. Moreover, since | M (0°)| = |[M ()| and |M (79)| = | M (7)|
,0%, 7% € T2 Setting 0’ = ¢° and 7/ = 79 completes the proof. O

The following example demonstrates the construction described in Lemma 3.1.
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Example 3.2 Let n =12 and r = 5. Consider the permutation 7 = (138 6) € S1o
. Let 0=(1381112) and 7=(121161) in Si3. Clearly, or=m,
A= (M((o)UM(T))N[2r] ={1,3,6,8} and A’ := (M(oc)UM(7))\ A={11,12}.
We choose A = {2,4} and define § = (11 2 12 4) € ;2 so that the conditions on A and
d stated in the proof of Lemma 3 1 are satisfied. It is easy to see that 6 € C2(m) and if
o =00 = (1 3824)and 7' =79 = (426 1), then ¢’ and 7/ are two permutation in 7.°
such that 0’7" = 7.

For any m € Sy, the centralizer C's,, () acts by conjugation on the set £, ,.(7) as follows:
(0,7) -6 := (0°,7%)
5

forall § € Cs, (m) and all (0, 7) € Q,,,.(): forit follows from o7 = 7 that %70 = 7% = 7
; and since |M (n)| = |M (n?))] for all 0,6 € S,,, we have (¢°,7°%) € Q,, (7).

Lemma 3.3 Let r € [n] such that 2r < n and 7 € Sa.. Then the number of orbits of the
action by conjugation of Cs, (m) on {2, () is equal to the one of the action of Cs, (1) by
conjugation on g, ().

Proof 1t follows from Lemma 3.1 that every orbit of the conjugation action of Cg, ()
on Q, .(m) contains at least one element of (2o, (7). Hence, the number of orbits of the
conjugation action of Clg,, (m) on Qg ,(7) is at least as large as the number of orbits
of the conjugation action of Cg, (7) on Q,, (7). Now suppose that (o,7) and (¢’,7’)
are two distinct elements of s, ,.(7) that belong to the same orbit under the action of
Cs,(7) on Q,.(m). Then there exists A € Cg,(m) such that (o}, 7) = (o,7')

Let ©=[]2r]\(M(c)UM(7)), and ©' =[2r]\(M(c’)UM(7")). Since
M(o')={i*|i€ M(c)} and M(7") = {i* | i € M(r)}, we have |©| = |©’|. Hence
there exists a bijection p : © — ©’. Define § € S, by

5 i ifie o,
YT dfief2r])\ O,

It is straightforward to verify that J is a permutation of [QT] We prove that 0% = a Let
i € [2r]. First suppose that i € ©’. Theni ¢ M (0”), s0 i = . Moreover =i co
, and hence i?" ¢ M(c). Therefore i% 0% = ¢ o6 = jp "0 —jr 'p =,

Thus i® =9,

Now suppose that i ¢ @’ Since i € M (¢’) U M (7'), we distinguish two cases.

Ifi € M(c"), theni® € M(c). Hence i % = i} 'oA = o
If i¢ M(o'), then i* ¢ M(a) Since ' €O, we have
07 s _ Ao AT AT o

Thus i =4 for all i € [2r], and hence o = ¢’. By a similar argument we obtain
5

7% = 7/ Consequently, 70 = (07)° = 0°7% = ¢/7' = 7,50 § € Cs,, (1), which completes
the proof. O
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Lemma 3.4 Let r € [n] be such that 2r <mn, and let € Sor. Suppose that

{(61,71),--.,(0s,7s)} is a complete set of representatives of orbits of the action by conju-
gation of Cs,, (m) on gy (). Then
)| = Z Cs,, ()]
|Cs,,(m) N Cs, (03)]

Proof 1t follows from the fact that the underlying set of an action is partitioned by the orbits
and the size of the orbit of (0, 7) € Q,, -(7) is equal to |Cs, (7) : Stabcg (=) ((0,7))|. It
is easy to see that Stabc, () ((0,7)) = Cs, (o) N Cs,, (7). Since o7 = T, it follows that
Cs, (0)NCs, (1) =Cg,(0) N Cg, (7). Now Lemma 3.3 completes the proof. O

We denote by Cs , (o, 7) the intersection of two centralizers Cs, (¢) and Cg, () that is
Cs,(0)NCs, (7).

Lemma 3.5 For any two permutations o and 7 in S,

Cs.(0:) = Csyiyonm (0,7) X S[n]\(M(a)uM(w))'

Proof Tt suffices to prove that for each 7 € Cg, (0, 7) and each ¢ € M (o) U M (7), we have
1T € M(o) U M (7). Suppose thati™ = j € [n] \ (M(O’) U M(ﬂ’)) Without loss of gener-
ality, we may assume that ¢ € M (o). Since 7 € Cg, (o), we have i°7 = i"?. Suppose that
7 =ke M(o)\ {i}. Then we would have :” = k7 = j, which is a contradiction. This
completes the proof. |

Lemma3.6 Letr € [n]suchthat 2r < nandw € Sar. Supposethat{(c1,71),...,(0s,Ts)}
is a complete set of representatives of orbits of the action by conjugation of Cs,, (7) on
Qg (). Then

)| = : |CS}W(7\')(7T)| . (n*‘M(ﬂ')‘)'
r = 2 o o] o M) O M o)

3.1)

Proof Since M (I,) = @ and by Lemma 3.5,

Csn (7T) = Csn (W,In) = CSIW((:)UZ (7T) x S = CSM((,)(W) X S[n]\M((r)-

i\ (M(0)u2)

Hence the proof follows from Lemmas 3.4 and 3.5. |

In view of the above results, if n > 27, the value of N(n, ) can be obtained from Remark
2.3 together with the relation (3.1). If » < n < 2r — 1, then N(n, r) is directly obtained
from N(n,r) = max{ | (o)1 <i<¥ }7 where o1, . .., 0y denote a complete set of
representatives of the conjugacy classes of S,,. Based on these observations, we present
Algorithm 1 for computing N(n, r) for a given r < n.
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Algorithm 1 Computation of N(n,r) for a given r <n

1: Input: r > 2

2: Output: N(n,r)

3: compute T for each m € [2r] \ [r — 1]

4: compute a complete set R, of representatives of non-trivial conjugacy classes
of elements of Sy, for each m € [2r] \ [r — 1]

5: compute Q,, .(7) for each 7 € R, and all m € [2r] \ [r — 1]

6: compute the set O, consisting of the orbits O, of the action of Cg,, () on

Qo (m) for each ™ € Ry,

7: compute a set RO, consisting of sets RO, , of representatives of O , for each
T € Ry,

8 compute  the set of polynomials (in n)  |Qy.(7)] =

|5 0y () (@) (n—|M(m)|)!
: f ach ™,r T
2 (0.1)ERO + [Capyemy oty (o] TR RO, ., € RO

max{|Q, . (7)] : 7€ Ry} ifn>2r
max{|Qp (7)] : T€R,} fr<n<2r—1L

9: Now N(n,r) = {

The GAP [11] program corresponding to Algorithm 1 is given in Appendix A. Also, in
Table 1, we present the results obtained from Algorithm 1 forr = 5,6, 7andr <n < 2r — 1
, where each row corresponds to a conjugacy class of S, represented by its cycle type,
together with the associated value of |2, ,(c)| for a representative o of that class. It is
worth noting that N(n, n) is clearly equal to n!, and this value is also included in the table for
completeness. We are now ready to prove Theorem 1.1.

Proofof Theorem 1.1 We considerr = 5, 6, or 7. Based on the values of N (n, ') obtained from
Algorithm 1, which are listed in Table 1, it can be verified that forn =r,r +1,...,2r — 1
, the corresponding values of N (n,r) satisfy the releations in parts (i), (ii), and (iii) for
r =5,6,7, respectively.

Now assume that n > 2r. In this case, the number of conjugacy classes in S,, whose
elements move at most 2r points equals the number of conjugacy classes in Sa,, which
is exactly 41, 77, and 135 for r = 5,6, and 7, respectively. By running Algorithm 1 in
GAP [11], we obtain a list of 41, 77, and 135 polynomial functions in n for r = 5,6,7
, respectively, where each function represents the value of |€2,, ,.(0)| for some conjugacy
class representative o. The GAP code and the resulting functions are provided in Appendix
A.

To identify which of these functions yields the maximum value, we import the list into
MATLAB [5] and use the “isAlways” command to perform symbolic comparisons. These
comparisons show that, for n > 2r, the function corresponding to transpositions provides
the largest value. Therefore, the formulas in parts (i), (ii), and (iii) hold for all n > 7, com-
pleting the proof. 0

Remark 3.7 Note that, according to the proof of Theorem 1.1, for r € {5,6,7} we have

N(n,r) = |, (7)|, where 7 is a transposition. Therefore, in view of Remark 2.3, Conjec-
ture 2.1 holds for these values of 7. It is worth noting that Algorithm 1 for computing N(n, r)
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for » > 8 was not feasible in GAP [11], since computing the values of 7;* and the orbits of
the action specified in the algorithm became infeasible for such 7. In the next section, we
present a method that enables the computation of N(n, ») for r > 8, even up to r = 14, for
small values of .

4 Computation of N(n, r) based on irreducible characters of S,,

In this section, we present a formula for computing N(n, r), which is based on the irreduc-
ible characters of the symmetric group S,,. We then provide an algorithm implementing
this formula. One of the main advantages of this approach is that it allows the computation
of N(n, r) for larger values of the parameters. For instance, quantities such as N(43, 8) or
N(24, 14) can be determined using this method. At the end of this section, we present these
computations in Table 2.

We begin by reviewing the necessary notation. Let Irr(.S,,) denote the set of all complex
irreducible characters of S,,, and let Cy, ..., C,, denote the conjugacy classes of S,,. For
each ¢ € [m] and each character x € Irr(S,,), we define x; := x (o), where o € C;. Since
characters are constant on conjugacy classes, the value y; is well-defined.

Lemma 4.1 Let n > 3 and 2 < r < n be integers and let 0 € S,,. Let Cy,...,Cy, denote
the conjugacy classes of Sy, where C; is the class containing the identity element. If o € C;

, then

0 _ IC:l[Cy1 XiXjXs
Qo) = S G XiXiXe
=, T X1
i,jE A" XEIrr(Sy)
Table 2 N(n, r) obtained from Algorithm 2 for 8 < r < 14
n\ r 8 9 10 11 12 13 14

8 40320
9 197864 362880
10 691886 2012014 3628800
11 1937162 TRTT738 22428812 39916800
12 4645488 24447408 97202778 272082658 479001600
13 9940944 64396224 331165914 1293005254 3569113616 6227020800
14 19493964 150186636 950495706 4797853066 18454503238 50349389446 87178291200
15 35674212 318841668 2399645250 14903556670 74082374082 281399134434 760174857236
16 61722264 628057176 5483265534 40494217510 247620078452 1215098293428 4566528353042
17 101940096 1163818056 11567835966 99095215906 720472798732 4348516104892 21105666402962
18 161900378 2049683418 22857719238 222920301958 1879927189494 13489665769206 80518266961486
19 248674574 3457905742 42761973402 467894961682 4492054545698 37386313854882 265283557908634
20 371079848 5622549032 76369870820 926635847380 9980994911416 94566233135032 T78257965296288
21 539944776 8854770984 131054690436 1746560045900 20861318069976 | 221751258851064 | 2077485960431616
22 768393864 13560434184 217226966604 3154509431084 41384025479236 | 487806116103876 | 5127142870055256
23 | 1072150872 | 20260211352 349259994492 5489504307332 78473125853804 [1015959516165548|11841078608718768
24 | 1469860944 | 29612349648 546612008868 9245486999828 143048793168360 (2018021573791848(25833283577408932
25 1983431544 | 42438259056 835171069860 15126179983580 | 251855106281752 (3845552935810104
26 2638392198 | 59751089862 1248850306068 | 24114464568020 | 429935481079172
27 3464273042 | 82787464242 | 1831462782192 | 37558985066492 | 713927345918412 - -
28 | 4495002176 | 113042526976 | 2638906875126 | 57280999780526 |1156379586164896 - -
29 | 5769321824 | 152308480304 | 3741694659254 | 85704834017354 — — -
30 | 7331223300 | 202716767940 | 5227857418470 | 126015641735670 - - -
31 | 9230400780 | 266784073260 | 7206264019230 | 182348551279170 - - -
32 (11522723880 347462296680 | 9810389495730 | 260013657009930
33 (14270729040 448192677240 |13202572815090| 365761722494190
34 (17544129714 572964223410 [17578804407210| 508095882221610 - - -
35 [21420345366| 726376618134 |23174085660750| 697635067655550 - - -
36 [25985049272| 913707763128 |30268404203472| 947535339716400 — — -
37 |[31332735128(1140986127448|39193370401968(1273975783592448 - - -
38 [37567302464(1415068065344|50339562132584 - - - -
39 (44802660864(1743720268416(|64164626492136
40 [53163352992(2135707517088|81202188733800
41 (62785196424 - - - - - -
42 |73815944286 - - -
43 [86415964698 — — - — — .
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where AT are the sets of indices corresponding to classes whose elements move at most r
points.

Proof According to the definition of 2, (o), we have

1Q,r(0)] = |Ui,j€A:f{(7'7 p)€C;xCjlTp= U}| .

Let i, j,s € [m]. For each o € Cs, the number of pairs (z, y) € C; x C; such that zy = o is
clearly constant; we denote this number by C; ;. Hence, 2y, ()| = ZLJGA;‘ C; ;- More-
over, due to the fact that for every 7 € S,,, 7 and 7! are into the same conjugate class and
in view of [4, Lemma 2.15 and problem 3.9], for all ¢, j, s € [m], we have

s _ IGilIG] XiXjXs
Ci=—"1" > v

b n!

x€Irr(S,)
This completes the proof. O
Theorem 4.2 Let n > 3 and 2 < r < n be integers and let Cy, . .. ,C,, denote the conju-
gacy classes of Sy, where Cy is the class containing the identity element. Then

|Cil|C5] XiXjXs

N(n,r) = ma Lkiiat/A LIRS
(n,r) max Z ] > “ (4.1)
L,jEAT XE€Irr(Sy)

where A and A%, are the sets of indices corresponding to classes whose elements move
at most r and 2r points, respectively.

Proof The result follows from Lemma 4.1 and Remark 2.3. O

Algorithm 2 is presented for computing N(n, r) for given values of n and r as expressed
inrelation (4.1). As specified in the algorithm, the output of ComputeClass OmegalList
is a list of ordered pairs, where the first element of each pair is a representative of a conju-
gacy class that moves at most 27 elements, and the second element is the value of 2, ,. for
that permutation. The function computeN returns a list of pairs from the list produced by
computelistomega whose second components are equal to the maximum value among
all second components in the list. In fact, the second component of each element in the out-
put corresponds to N(n, r), while the first component identifies the conjugacy class whose
representative achieves this value of 2, ..

By running Algorithm 2 in GAP [11], the values of N(n, ») were computed as summarized
in Table 2. In most cases the computations were performed quickly, and even in the most
time-consuming instances the running time did not exceed three days; entries in Table 2
marked with “~” indicate cases where the computation required more time. Because of the
large number of conjugacy classes whose representatives move at most 2 points, we did not
report the values of 2, (o) for each o. It is worth noting that all results in Table 2 confirm
Conjecture 2.1; in other words, in every case, N(n, r) coincides with I(n,2,7) = |Q,, ,(7)]
, where 7 is a transposition in S,.

@ Springer



Cryptography and Communications

Algorithm 2 Compute N(n,r) as obtained from Equation (4.1)

1: Input: Integer numbers n and 2 <r <n
2: Output: A list of pairs (o, N(n,r)), where each o is a representative of a

11:
12:
13:
14:

15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:
26:
27:
28:
29:
30:
31:

32:

conjugacy class whose (Q,, (o) attains the value N(n,r).
function SUMCHAR(G, 1, j, ¢)
total + 0
for all x € Irr(G) do
total < total + %
end for
return total
end function
function CoMPUTECLASSOMEGALIST(n, 1)
G < the symmetric group S,
C «+ a list of conjugacy classes of G
A+ {Le]C|] : C[¢) CT"} > Indices of classes moving at most r points
Ag, < a list of the indices of the nontrivial conjugacy classes of G that
move at most 2r points.
resultList < [] > Stores computed pairs (o, |2y (0:)])
for all ¢/ € As, do
N[ +~0
for alli € A, do
for all j € A, do
s < SumChar(G, 1, j, )
Np< No+w-s
end for
end for
Append (an representative of C[¢], Ny) to resultList
end for
return resultList
end function
function COMPUTEN ((n, r)
data < ComputeClassOmegalist n, r)
return The list of pairs in data whose second components attain the max-
imum value among all second components of pairs in data.
end function
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Appendix A

The following GAP [11] code computes N(#, 5) using Algorithm 1 for n > 10:

u:=function (sigma, tau)

return Union (MovedPoints (sigma) ,MovedPoints (tau)) ;

end; ;

su:=function (sigma, tau)

return Size( u(sigma,tau));

end; ;

csu:=function(sigma, tau)

return Size (Centralizer (SymmetricGroup (u(sigma,tau)),h Group (sigma,tau)));
end; ;

n:=Indeterminate (Rationals, "n") ;

p:=function(sigma, tau)

local b,1,11,1i;

l:=su(sigma, ()); 1l1l:= su(sigma,tau);

if 1=11 then b:=1; fi;

if 1<11 then b:=Product ([1l..11-1],i->n-1); fi;

return b;

end; ;

CU:=function(sigma, tau)

return csu(sigma, ())/csu(sigma, tau) *p (sigma, tau) ;

end; ;

S10:=SymmetricGroup (10) ;

Cl0:=ConjugacyClasses (S10) ;

T5:=Union (Filtered(C10,x->Size (MovedPoints (Representative (x)))<=5));;
c:=List (C10,Representative) ;;

F:=List (c,a->[a,Filtered(T5,x->x"-1*a in T5)]);;
F2:=List (F,X->[X[1],0rbits (Centralizer(S10,X[1]),X[2]1)1);;
F3:=List (F2,X->[X[1],List (X[2] ,Representative)])
F4:=Difference (F3, [F3[1]11]);;

List (F4,X->Sum(X[2],x->CU(X[1],x)));

i

In the following, we present the result of the above program in GAP:

[32/3*n"3-89*n"2+739/3*n-220, 2/3*n"3+35*n"2-779/3*n+460, 72*n-162,
102,

0, 11/2*n"3-27*n"2+7/2*n+90,7*n"2+89*n-500, 14*n+140, 6, n*2+71*n
-190,

76, 4, 18, 44*n”2-300*n+520, 80*n-210, 82, O, 8*n+174, 10, 0, 98, O,

15/2*n”2+165/2*n-480, 10*n+172, 12, 82, 2, 2, 2, 84*n-234, 72, 0,
12,

0, 7*n+189, 14, 0, 80, 0, 9, 0 ]

@ Springer



Cryptography and Communications

By running a similar program in GAP to compute N(n, 6) and N(n, 7), we obtained the
following results, respectively.

[ 181/12*n"4-401/2*n"3+11783/12*n"2-4153/2*%n+1590,
3/4*n"4+329/6*n"3-2735/4*n"2+15769/6*n-3250,
147*n"2-627*n-810, 3*n"2+189*n+358, 260, 20,
53/8*n"4-193/4*n"3-197/8*n"2+3265/4*n-1455,
29/3*n"3+224*n"2-8231/3*n+7030, 18*n"2+644*n-3478,
30*n+616, 26, 2/3*n”"3+143*n"2-1979/3*n-614,
200*n+426, 220, 2, 18*n+786, 6, 6,
212/3*n"3-808*n"2+9172/3*n-3800, 151*n"2-679*n-642,
n*2+207*n+318, 212, 8, 9*n”"2+779*n-3984, 18*n+748,

18, 144, 2, n”2+191*n+458, 188, 4, 22, O,
55/6*n"3+465/2*n"2-8375/3*n+7120, 15*n"2+685*n-3618,
20*n+732, 32, 200*n+432, 192, 0, 12, 10*n+792,

12, 0, 202, 0, 153*n”2-705*n-558, 216*n+298, 188, 2,
12*n+814, 14, 2, 176, 2, 2, 2, 21/2*n"2+1505/2*n-3871,
l4*n+798, 28, 154, 0, 14, 0, 208*n+368, 176, 0, 16, O,
9*n+828, 18, 0, 170, 0, 11, 0 ]

[ 607/30*n"5-4675/12*n"4+8807/3*n"3-129041/12*n"2+190471/10*n-12978,

11/15*n"5+327/4*n"4-8917/6*n"3+37061/4*n"2-730247/30*n+22582, 238%
n*3-1263*n"2-9487*n+51702,

2*n”*3+429*n"2+42257*%n-31130, 600*n+4660, 740, 0, 309/40*n"5-615/8%n
“4-1031/8*n"3+31551/8*n"2-308017/20*n+18543,

47/4*n"4+2809/6*n"3-36467/4*n"2+302381/6*n-89810, 71/3*n”"3+1629*n
*2-52250/3*n+39018, 33*n”"2+2883*n-9470, 66*n+2246,

20, 3/4*n"4+1345/6*n"3-4795/4*n"2-56365/6*n+50848, 386*n"2+3406*n
-36558, 2*n"2+486*n+5620, 494, 12,

27*n"2+2943*n-9474, 36*n+2292, 42, 438, 0, 103*n"4-1730*n"3+10649%*
n*2-28222*n+26880, 242*n”"3-1351*n"2-8851*n+50190,

2/3*n"3+4407*n"2+8761/3*n-34354, 552*n+5092, 536, 0, 38/3*n"3+1901%*
n*2-58931/3*n+45052, 23*n"2+3025*n-9914,

38*n+2410, 32, 408*n+6444, 398, 4, 6, 2/3*n"3+367*n"2+10801/3*n
-37238, 456*n+6028, 436, 0, 22*n+2546, 20, 4, 240,

0, 265/24*n"4+5825/12*n"3-222565/24*n"2+4612325/12*n-90755, 55/3*n
“34+1761*n"2-55498/3*n+41958, 26*n"2+2974*n-9702,

42*n+2510, 38, 371*n"2+3669*n-37704, n"2+459*n+5932, 414, 6, 22*n
+2460, 34, 0, 11*n”"2+3229%*n-10788, 22*n+2510, 22,

294, 2, 26, n*2+399*n+6552, 384, 4, 26, 0, 244*n”"3-1395*n"2-8533*n
+49434, 396*n"2+3252*n-35966, 528*n+5308, 434, O,

18*n"2+3096*n-10136, 24*n+2492, 38, 350, 0, 408*n+6496, 386, O,
14, 0, 12*n+2510, 14, 0, 362, O,

77/6*n"3+1897*n"2-117677/6*n+44975, 21*n"2+3045*n-9924, 28*n+2592,
44, 420*n+6344, 366, 2, 16, 14*n+2578, 16, 2,

324, 2, 2, 2, 376*n"2+3592*n-37408, 480*n+5776, 384, 0, 16*n+2560,
32, 0, 288, 0, 16, 0, 27/2*n"2+6345/2*n-10467,

18*n+2592, 36, 306, 0, 18, 0, 420*n+6370, 360, 0, 20, 0, 1ll*n
+2585, 22, 0, 312, 0, 13, 0 ]
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Here is a code written in GAP [11] to compute N(n, r) from Algorithm 2:

sumchar:= function(G,i,j,s,NCju)

local A,irr,x;

irr:=Irr(G);;

A:=[1;;

for x in [1..NCju] do

Add (A, (irr[x] [i] *irr([x] [jJ]*irr(x] [s])/irr(x] [1]);
od;

return (Sum(a)) ;

end;

N:=function (n,r)

local G,Cju,NCju,Ir,I2r,H,k,1list,c,1,1i,3j,cijl;
G:=SymmetricGroup (n) ;

Cju:=ConjugacyClasses (G) ; ;
NCju:=NrConjugacyClasses (G) ;
Ir:=Filtered([1l..NCju], t->NrMovedPoints (Representative (Cjult]))<=r);
I2r:=Filtered([2..NCjul, t->NrMovedPoints (Representative (Cjult]))<=2*r);
resultlist:=[];

for 1 in I2r do

k:=0;

for i in Ir do

for j in Ir do

cijl:=((Size(Cjuli])*Size(Cjuljl)) /Size(G)) *sumchar (G, i,j,1,NCju);
k:=k+cijl;

od;

od;

Add (resultlist, [Representative (Cjull]l)  k]);

od;

return(resultlist) ;

end;

ComputN:=functiona (n, r)

local data,max, maxdata;
data:=nr(n,r);;

max:=Maximum(List (data,i->1i[2]));;
maxdata:=Filtered(data,i->i[2]=max);;
return (maxdata) ;

end;
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