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Abstract
The sequence reconstruction problem asks for the recovery of a sequence from multiple 
noisy copies, where each copy may contain up to r errors. In the case of permutations 
on n letters under the Hamming metric, this problem is closely related to the parameter 
N(n, r), the maximum intersection size of two Hamming balls of radius r. While previous 
work has resolved N(n, r) for small radii (r ≤ 4) and established asymptotic bounds for 
larger r, we present new exact formulas for r ∈ {5, 6, 7} using group action techniques. 
In addition, we develop a formula for N(n, r) based on the irreducible characters of the 
symmetric group Sn, along with an algorithm that enables computation of N(n, r) for 
larger parameters, including cases such as N(43, 8) and N(24, 14).
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1  Introduction and results

The sequence reconstruction problem, introduced by Levenshtein in 2001 [8, 9], involves 
reconstructing a transmitted sequence from multiple noisy copies received over distinct 
channels, each introducing at most r errors. Later, this problem has attracted interest in 
applications such as DNA storage [3, 7], racetrack memories [2], and communication sys-
tems. In combinatorial terms, a key challenge is to determine the maximum intersection size 
N(n, r) of two metric balls of radius r centered at distinct sequences. For permutations under 
the Hamming metric, this problem remains central due to the relevance of permutation 
codes in flash memories [6], power-line communications [10, 13], and DNA storage [1, 12].

Main contributions of [14] resolves the sequence reconstruction problem for permutations 
under Hamming errors for small radii (r ≤ 4) and provides asymptotic bounds for larger r. In 
particular, it is proved that N(n, 2) = 3 (n ≥ 3) [14, Theorem 4]; N(n, 3) = 4n − 6 (n ≥ 3
) [14, Theorem 5]; and N(n, 4) = 7n2 − 31n + 36 (n ≥ 4) [14, Theorem 6]. For example, 
the latter implies that unique reconstruction requires N(n, 4) + 1 = 7n2 − 31n + 37 dis-
tinct permutations at distance ≤ 4.

Here by using some elementary results about action of groups on sets, we find an algo-
rithm with input r and output N(n, r). Applying the algorithm we find the exact values of 
N(n, r) for r ∈ {5, 6, 7}, as follows:

Theorem 1.1  The following hold: 

(a)	 N(n, 5) = 32
3

n3 − 89n2 + 739
3

n − 220, for n ≥ 5.

(b)	 N(n, 6) = 181
12

n4 − 401
2

n3 + 11783
12

n2 − 4153
2

n + 1590, for n ≥ 6.

(c)	 N(n, 7) = 607
30

n5 − 4675
12

n4 + 8807
3

n3 − 129041
12

n2 + 190471
10

n − 12978, for 

n ≥ 7.
Furthermore, in Theorem 4.2, we provide a formula for computing N(n, r) using the irre-

ducible characters of the symmetric group Sn and an algorithm for computing N(n, r) in 
this way. The results obtained from implementing this algorithm in GAP [11] are presented 
in Table 2, which displays the computed values of N(n, r).

2  Preliminaries

Let n be a positive integer and let [n] := {1, . . . , n}. For any non-empty subset A of [n] we 
denote by SA the set of all permutations on [n] such that they induce the identity map on 
[n] \ A; in particular S[m] is denoted by Sm for any m ∈ [n]. We denote the identity ele-
ment of Sn by In. For σ ∈ Sn, M(σ) := {i ∈ [n] | iσ ̸= i}, where iσ  denotes the image 
of i under σ. We define T n

r  as {σ ∈ Sn | |M(σ)| ≤ r}. The composition στ  of two per-
mutations σ, τ ∈ Sn is defined by iστ = (iσ)τ  for any i ∈ [n]. We use cycle notation for 
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permutations: for distinct elements a1, a2, . . . , ak, the cycle (a1 a2 . . . ak) denotes the per-
mutation that maps a1 �→ a2, a2 �→ a3, , ak−1 �→ ak, and ak �→ a1, while fixing all other 
elements. It is well-known that every permutation in the Sn can be uniquely expressed as a 
product of disjoint cycles, except for changes in the order of the factors, so that the rule of 
commutation is the property of being disjoint. The cycle type of a permutation π ∈ Sn is a 
sequence 1t1 , . . . , ntn , where ti denotes the number of disjoint cycles of length i in the cycle 
decomposition of π. By convention, any term with ti = 0 is omitted; this applies to 1t1  as 
well, so fixed points are not shown. Note that for a permutation π with such a cyclic type we 
have |M(π)| =

∑n
i=2 i × ti.

For two permutations δ and σ, we denote δ−1σδ by σδ  which is called the conjugate of 
σ by δ. This defines an equivalence relation on Sn, whose equivalence classes are called 
conjugacy classes. The conjugacy class of a permutation σ ∈ Sn is the set {σδ | δ ∈ Sn}. It 
is well known that two permutations in Sn are conjugate if and only if they have the same 
cycle type; therefore, each cycle type corresponds to a unique conjugacy class of Sn. For 
any π ∈ Sn and r, s ∈ [n] such that r ≤ s, we denote the set {(σ, τ) ∈ T s

r × T s
r | στ = π} 

by Ωs,r(π). We denote by CSA
(σ) the centralizer of σ in SA, that is, {δ ∈ SA | δσ = σδ}.

For any two permutations σ, π ∈ Sn, the Hamming distance d(σ, π) between σ and π is 
defined by |M(σπ−1)|. For a given σ ∈ Sn and a non-negative integer r, the Hamming ball 
of radius r centered at σ is defined as Bn

r (σ) := { π ∈ Sn | d(σ, π) ≤ r }. For integers d and 
r, define I(n, d, r) as the maximum possible size of the intersection of two metric balls of 
radius r in Sn, whose centers are exactly at distance d:

	 I(n, d, r) := max
{

|Bn
r (π) ∩ Bn

r (τ)| : π, τ ∈ Sn, d(π, τ) = d
}

.

Then N(n, r), which represents the minimum number of channels needed to guarantee correct 
decoding of any transmitted permutation with up to r errors per channel, can be expressed as

	
N(n, r) := max

π,τ∈Sn, d(π,τ)≥2
|Bn

r (π) ∩ Bn
r (τ)| = max

d≥2
I(n, d, r).

The authors in [14] determined the exact values of I(n, d, r) for d = 2, 3, 4 and for any r ≥ 2
. Moreover, they proposed the following conjecture:

Conjecture 2.1  [14] For any r ≥ 5 and n ≥ r, we have N(n, r) = I(n, 2, r).

In [14], it is also shown that Conjecture 2.1 is valid for r = 3, 4 and for any r ≥ 5 when n is 
large enough [14, Theorem 9] and [14, Lemma 3]. In this paper, we will prove the validity of 
this conjecture for r = 5, 6, and 7. Most of the following lemma, which will be used in later 
sections, has been proved in [15, Lemma 7]. It is presented here for the reader’s convenience 
and to clarify its relation to the new notations.

Lemma 2.2  For any r ∈ [n] and for all π, σ ∈ Sn , we have |Ωn,r(π)| = |Bn
r (π) ∩ Bn

r (In)| 
and |Ωn,r(πσ)| = |Ωn,r(π)| = |Tn

r π ∩ Tn
r |, where Tn

r π := {ρπ : ρ ∈ Tn
r }. In particular, 

if π ∈ Tn
k  for some k ∈ [n], then |Ωn,r(π)| = |Ωn,r(π′)| for some π′ ∈ Sk .
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Proof  The map defined from Ωn,r(π) to Ωn,r(πσ) by (τ1, τ2) �→ (τσ
1 , τσ

2 ) is a bijection. The 
map defined from T n

r π ∩ T n
r  to Ωn,r(π) by τ �→ (πτ−1, τ) is a bijection, to see the latter 

we need the fact that M(θ) = M(θ−1) for all θ ∈ Sn. The proof of the first part is complete 
with the fact that Bn

r (σ) = T n
r σ, for all σ ∈ Sn.

The second part follows from the first equality of the first part and the fact that one can 
find a θ ∈ Sn such that πθ ∈ Sk whenever |M(π)| ≤ k. This completes the proof. � □

Remark 2.3  Since for any permutation σ with |M(σ)| > 2r we have Ωn,r(σ) = ∅, and 
in view of [14, Lemma 3] and Lemma 2.2, it follows that if σ1, . . . , σℓ are representa-
tives of those conjugacy classes in Sn whose elements move at most 2r points, then 
N(n, r) = max

{
|Ωn,r(σi)| : 1 ≤ i ≤ ℓ

}
. Moreover, for a fixed integer d with 0 ≤ d ≤ 2r

, if σ′
1, . . . , σ′

k are representatives of those conjugacy classes in Sn whose elements 
move exactly d points, then I(n, d, r) = max

{
|Ωn,r(σ′

i)| : 1 ≤ i ≤ k
}

. In particular, 

I(n, 2, r) = |Ωn,r(τ)|, where τ  is a transposition in Sn, i.e., a permutation that interchanges 
two elements and fixes all others.

We will need the concept of group action in the next section, and we recall it here. A 
right action of a group G on a set X is a map X × G → X, (x, g) �→ x · g, such that 
(x · g) · h = x · (gh) for all g, h ∈ G and x · In = x for all x ∈ X . For x ∈ X , the orbit of 
x is Orb(x) = {x · g : g ∈ G}, and the stabilizer of x is StabG(x) = {g ∈ G : x · g = x}.

3  Exact values N(n, r) for r = 5, 6, 7

In this section, for a given integer r ≥ 2, we prove several lemmas showing that for any 
n ≥ 2r and any σ ∈ Sn with |M(σ)| ≤ 2r, the computation of |Ωn,r(σ)| in Sn can be 
reduced to the corresponding computation in S2r. We then present an algorithm for deter-
mining N(n, r), and use this algorithm to prove Theorem 1.1.

Lemma 3.1  Let r ∈ [n] such that 2r ≤ n and στ = π, where σ, τ ∈ Tn
r  and π ∈ S2r . Then 

there exist σ′, τ ′ ∈ T2r
r  such that σ′τ ′ = π, where σ′ = σδ , τ ′ = τ δ  for some δ ∈ CSn (π).

Proof  Let ∆ := (M(σ) ∪ M(τ)) ∩ [2r] and ∆′ := (M(σ) ∪ M(τ)) \ ∆. Since σ, τ ∈ T n
r

, we have |M(σ) ∪ M(τ)| ≤ 2r, and hence f := |∆′| ≤ 2r − |∆|. Note that if f = 0, then 
there is nothing to prove; hence, we may assume that f > 0. Choose a subset Λ ⊆ [2r] \ ∆ 
such that |Λ| = f . Choose a permutation δ ∈ Sn such that xδ ∈ Λ for all x ∈ ∆′, xδ ∈ ∆′ for 
all x ∈ Λ, and xδ = x for all x ∈ [n] \ (∆′ ∪ Λ). Such a permutation exists since |∆′| = |Λ|
. Conjugating the equality στ = π by δ, we obtain σδτ δ = πδ . Since M(π) ⊆ ∆ and δ acts 
trivially on ∆, it follows that πδ = π, and hence δ ∈ CSn (π). By construction, all points in 
M(σδ) and M(τ δ) lie in [2r]. Moreover, since |M(σδ)| = |M(σ)| and |M(τ δ)| = |M(τ)|
, σδ, τ δ ∈ T 2r

r . Setting σ′ = σδ  and τ ′ = τ δ  completes the proof. � □

The following example demonstrates the construction described in Lemma 3.1.
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Example 3.2  Let n = 12 and r = 5. Consider the permutation π = (1 3 8 6) ∈ S10
. Let σ = (1 3 8 11 12) and τ = (12 11 6 1) in S12. Clearly, στ = π, 
∆ := (M(σ) ∪ M(τ)) ∩ [2r] = {1, 3, 6, 8} and ∆′ := (M(σ) ∪ M(τ)) \ ∆ = {11, 12}. 
We choose Λ = {2, 4} and define δ = (11 2 12 4) ∈ S12 so that the conditions on Λ and 
δ stated in the proof of Lemma 3.1 are satisfied. It is easy to see that δ ∈ C12(π) and if 
σ′ = σδ = (1 3 8 2 4) and τ ′ = τ δ = (4 2 6 1), then σ′ and τ ′ are two permutation in T 10

5  
such that σ′τ ′ = π.

For any π ∈ Sn, the centralizer CSn (π) acts by conjugation on the set Ωn,r(π) as follows:

	 (σ, τ) · δ := (σδ, τ δ)

for all δ ∈ CSn (π) and all (σ, τ) ∈ Ωn,r(π): for it follows from στ = π that σδτ δ = πδ = π

; and since |M(η)| = |M(ηθ))| for all η, θ ∈ Sn, we have (σδ, τ δ) ∈ Ωn,r(π).

Lemma 3.3  Let r ∈ [n] such that 2r ≤ n and π ∈ S2r . Then the number of orbits of the 
action by conjugation of CSn (π) on Ωn,r(π) is equal to the one of the action of CS2r (π) by 
conjugation on Ω2r,r(π).

Proof  It follows from Lemma  3.1 that every orbit of the conjugation action of CSn (π) 
on Ωn,r(π) contains at least one element of Ω2r,r(π). Hence, the number of orbits of the 
conjugation action of CS2r (π) on Ω2r,r(π) is at least as large as the number of orbits 
of the conjugation action of CSn (π) on Ωn,r(π). Now suppose that (σ, τ) and (σ′, τ ′) 
are two distinct elements of Ω2r,r(π) that belong to the same orbit under the action of 
CSn (π) on Ωn,r(π). Then there exists λ ∈ CSn (π) such that (σλ, τλ) = (σ′, τ ′)
. Let Θ = [2r] \ (M(σ) ∪ M(τ)), and Θ′ = [2r] \ (M(σ′) ∪ M(τ ′)). Since 
M(σ′) = {iλ | i ∈ M(σ)} and M(τ ′) = {iλ | i ∈ M(τ)}, we have |Θ| = |Θ′|. Hence 
there exists a bijection ρ : Θ → Θ′. Define δ ∈ S2r by

	
iδ =

{
iρ if i ∈ Θ,
iλ if i ∈ [2r] \ Θ.

It is straightforward to verify that δ is a permutation of [2r]. We prove that σδ = σ′. Let 
i ∈ [2r]. First suppose that i ∈ Θ′. Then i /∈ M(σ′), so iσ′ = i. Moreover iδ−1 = iρ−1 ∈ Θ
, and hence iρ−1

/∈ M(σ). Therefore iδ−1σδ = iρ−1σδ = iρ−1δ = iρ−1ρ = i.

Thus iσ′ = iδ−1σδ .
Now suppose that i /∈ Θ′. Since i ∈ M(σ′) ∪ M(τ ′), we distinguish two cases.
If i ∈ M(σ′), then iλ−1 ∈ M(σ). Hence iδ−1σδ = iλ−1σλ = iσ′

.

If i /∈ M(σ′), then iλ−1
/∈ M(σ). Since iλ−1

/∈ Θ, we have 
iδ−1σδ = iλ−1σδ = iλ−1δ = iλ−1λ = i = iσ′

.

Thus iσδ = iσ′
 for all i ∈ [2r], and hence σδ = σ′. By a similar argument we obtain 

τ δ = τ ′. Consequently, πδ = (στ)δ = σδτ δ = σ′τ ′ = π, so δ ∈ CS2r (π), which completes 
the proof. � □



1 3

Cryptography and Communications

Lemma 3.4  Let r ∈ [n] be such that 2r ≤ n, and let π ∈ S2r . Suppose that 
{(σ1 , τ1 ), . . . , (σs, τs)} is a complete set of representatives of orbits of the action by conju-
gation of CS2r (π) on Ω2r,r(π). Then

	
|Ωn,r(π)| =

s∑
i=1

|CSn (π)|
|CSn (π) ∩ CSn (σi)|

.

Proof  It follows from the fact that the underlying set of an action is partitioned by the orbits 
and the size of the orbit of (σ, τ) ∈ Ωn,r(π) is equal to |CSn (π) : StabCSn (π)((σ, τ))|. It 
is easy to see that StabCSn (π)((σ, τ)) = CSn (σ) ∩ CSn (τ). Since στ = π, it follows that 
CSn (σ) ∩ CSn (τ) = CSn (σ) ∩ CSn (π). Now Lemma 3.3 completes the proof. � □

We denote by CSA
(σ, π) the intersection of two centralizers CSA

(σ) and CSA
(π) that is 

CSA
(σ) ∩ CSA

(π).

Lemma 3.5  For any two permutations σ and π in Sn ,

	
CSn (σ, π) = CSM(σ)∪M(π) (σ, π) × S

[n]\
(

M(σ)∪M(π)
).

Proof  It suffices to prove that for each τ ∈ CSn (σ, π) and each i ∈ M(σ) ∪ M(π), we have 
iτ ∈ M(σ) ∪ M(π). Suppose that iτ = j ∈ [n] \

(
M(σ) ∪ M(π)

)
. Without loss of gener-

ality, we may assume that i ∈ M(σ). Since τ ∈ CSn (σ), we have iστ = iτσ . Suppose that 
iσ = k ∈ M(σ) \ {i}. Then we would have iτ = kτ = j, which is a contradiction. This 
completes the proof. � □
Lemma 3.6  Let r ∈ [n] such that 2r ≤ n and π ∈ S2r . Suppose that {(σ1 , τ1 ), . . . , (σs, τs)} 
is a complete set of representatives of orbits of the action by conjugation of CS2r (π) on 
Ω2r,r(π). Then

	
|Ωn,r(π)| =

s∑
i=1

|CSM(π) (π)|
|CSM(π)∪M(σi) (π, σi)|

·
(
n − |M(π)|

)
!(

n − |M(π) ∪ M(σi)|
)
!
.� (3.1)

Proof  Since M(In) = ∅ and by Lemma 3.5,

	
CSn (π) = CSn (π, In) = CSM(σ)∪∅(π) × S

[n]\
(

M(σ)∪∅
) = CSM(σ) (π) × S[n]\M(σ).

Hence the proof follows from Lemmas 3.4 and 3.5. � □
In view of the above results, if n ≥ 2r, the value of N(n, r) can be obtained from Remark 

2.3 together with the relation (3.1). If r ≤ n ≤ 2r − 1, then N(n,  r) is directly obtained 
from N(n, r) = max

{
|Ωn,r(σi)| : 1 ≤ i ≤ ℓ

}
, where σ1, . . . , σℓ denote a complete set of 

representatives of the conjugacy classes of Sn. Based on these observations, we present 
Algorithm 1 for computing N(n, r) for a given r ≤ n.
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The GAP [11] program corresponding to Algorithm 1 is given in Appendix A. Also, in 
Table 1, we present the results obtained from Algorithm 1 for r = 5, 6, 7 and r ≤ n ≤ 2r − 1
, where each row corresponds to a conjugacy class of Sn represented by its cycle type, 
together with the associated value of |Ωn,r(σ)| for a representative σ of that class. It is 
worth noting that N(n, n) is clearly equal to n!, and this value is also included in the table for 
completeness. We are now ready to prove Theorem 1.1.

Proof of Theorem 1.1  We consider r = 5, 6, or 7. Based on the values of N(n, r) obtained from 
Algorithm 1, which are listed in Table 1, it can be verified that for n = r, r + 1, . . . , 2r − 1
, the corresponding values of N(n, r) satisfy the releations in parts (i), (ii), and (iii) for 
r = 5, 6, 7, respectively.

Now assume that n ≥ 2r. In this case, the number of conjugacy classes in Sn whose 
elements move at most 2r points equals the number of conjugacy classes in S2r, which 
is exactly 41, 77, and 135 for r = 5, 6, and 7, respectively. By running Algorithm  1 in 
GAP  [11], we obtain a list of 41, 77, and 135 polynomial functions in n for r = 5, 6, 7
, respectively, where each function represents the value of |Ωn,r(σ)| for some conjugacy 
class representative σ. The GAP code and the resulting functions are provided in Appendix 
A.

To identify which of these functions yields the maximum value, we import the list into 
MATLAB [5] and use the “isAlways” command to perform symbolic comparisons. These 
comparisons show that, for n ≥ 2r, the function corresponding to transpositions provides 
the largest value. Therefore, the formulas in parts (i), (ii), and (iii) hold for all n ≥ r, com-
pleting the proof.� □

Remark 3.7  Note that, according to the proof of Theorem 1.1, for r ∈ {5, 6, 7} we have 
N(n, r) = |Ωn,r(τ)|, where τ  is a transposition. Therefore, in view of Remark 2.3, Conjec-
ture 2.1 holds for these values of r. It is worth noting that Algorithm 1 for computing N(n, r) 
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for r ≥ 8 was not feasible in GAP [11], since computing the values of T n
r  and the orbits of 

the action specified in the algorithm became infeasible for such r. In the next section, we 
present a method that enables the computation of N(n, r) for r ≥ 8, even up to r = 14, for 
small values of n.

4  Computation of N(n, r) based on irreducible characters of Sn

In this section, we present a formula for computing N(n, r), which is based on the irreduc-
ible characters of the symmetric group Sn. We then provide an algorithm implementing 
this formula. One of the main advantages of this approach is that it allows the computation 
of N(n, r) for larger values of the parameters. For instance, quantities such as N(43, 8) or 
N(24, 14) can be determined using this method. At the end of this section, we present these 
computations in Table 2.

We begin by reviewing the necessary notation. Let Irr(Sn) denote the set of all complex 
irreducible characters of Sn, and let C1, . . . , Cm denote the conjugacy classes of Sn. For 
each i ∈ [m] and each character χ ∈ Irr(Sn), we define χi := χ(σ), where σ ∈ Ci. Since 
characters are constant on conjugacy classes, the value χi is well-defined.

Lemma 4.1  Let n ≥ 3  and 2 ≤ r ≤ n be integers and let σ ∈ Sn . Let C1 , . . . , Cm  denote 
the conjugacy classes of Sn , where C1  is the class containing the identity element. If σ ∈ Cs
, then

	
|Ωn,r(σ)| =

∑
i,j∈∆n

r

|Ci ||Cj |
n!

∑
χ∈Irr(Sn)

χiχjχs

χ1
,

Table 2  N(n, r) obtained from Algorithm 2 for 8 ≤ r ≤ 14
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where ∆n
r  are the sets of indices corresponding to classes whose elements move at most r 

points.

Proof  According to the definition of Ωn,r(σ), we have

	 |Ωn,r(σ)| =
∣∣∪i,j∈∆n

r
{(τ, ρ) ∈ Ci × Cj | τρ = σ}

∣∣ .

Let i, j, s ∈ [m]. For each σ ∈ Cs, the number of pairs (x, y) ∈ Ci × Cj  such that xy = σ is 
clearly constant; we denote this number by Cs

i,j . Hence, |Ωn,r(σ)| =
∑

i,j∈∆n
r

Cs
i,j . More-

over, due to the fact that for every τ ∈ Sn, τ  and τ−1 are into the same conjugate class and 
in view of [4, Lemma 2.15 and problem 3.9], for all i, j, s ∈ [m], we have

	
Cs

i,j =
|Ci||Cj |

n!
∑

χ∈Irr(Sn)

χiχjχs

χ1
.

This completes the proof. � □

Theorem 4.2  Let n ≥ 3  and 2 ≤ r ≤ n be integers and let C1 , . . . , Cm  denote the conju-
gacy classes of Sn , where C1  is the class containing the identity element. Then

	
N(n, r) = max

s∈∆n
2r

∑
i,j∈∆n

r

|Ci||Cj |
n!

∑
χ∈Irr(Sn)

χiχjχs

χ1
,� (4.1)

where ∆n
r  and ∆n

2r  are the sets of indices corresponding to classes whose elements move 
at most r and 2r points, respectively.

Proof  The result follows from Lemma 4.1 and Remark 2.3. � □

Algorithm 2 is presented for computing N(n, r) for given values of n and r as expressed 
in relation (4.1). As specified in the algorithm, the output of ComputeClass OmegaList 
is a list of ordered pairs, where the first element of each pair is a representative of a conju-
gacy class that moves at most 2r elements, and the second element is the value of Ωn,r for 
that permutation. The function computeN returns a list of pairs from the list produced by 
computelistomega whose second components are equal to the maximum value among 
all second components in the list. In fact, the second component of each element in the out-
put corresponds to N(n, r), while the first component identifies the conjugacy class whose 
representative achieves this value of Ωn,r.

By running Algorithm 2 in GAP [11], the values of N(n, r) were computed as summarized 
in Table 2. In most cases the computations were performed quickly, and even in the most 
time-consuming instances the running time did not exceed three days; entries in Table 2 
marked with “–” indicate cases where the computation required more time. Because of the 
large number of conjugacy classes whose representatives move at most 2r points, we did not 
report the values of Ωn,r(σ) for each σ. It is worth noting that all results in Table 2 confirm 
Conjecture 2.1; in other words, in every case, N(n, r) coincides with I(n, 2, r) = |Ωn,r(τ)|
, where τ  is a transposition in Sn.
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Appendix A

The following GAP [11] code computes N(n, 5) using Algorithm 1 for n ≥ 10:
u:=function(sigma,tau)u:=function(sigma,tau)
return Union(MovedPoints(sigma),MovedPoints(tau));return Union(MovedPoints(sigma),MovedPoints(tau));
end;;end;;
su:=function(sigma,tau)su:=function(sigma,tau)
return Size( u(sigma,tau));return Size( u(sigma,tau));
end;;end;;
csu:=function(sigma,tau)csu:=function(sigma,tau)
return Size(Centralizer(SymmetricGroup(u(sigma,tau))return Size(Centralizer(SymmetricGroup(u(sigma,tau)),Group(sigma,tau)));,Group(sigma,tau)));
end;;end;;
n:=Indeterminate(Rationals,"n");n:=Indeterminate(Rationals,"n");
p:=function(sigma,tau)p:=function(sigma,tau)
local b,l,l1,i;local b,l,l1,i;
l:=su(sigma,()); l1:= su(sigma,tau);l:=su(sigma,()); l1:= su(sigma,tau);
if l=l1 then b:=1; fi;if l=l1 then b:=1; fi;
if l<l1 then b:=Product([l..l1-1],i->n-i); fi;if l<l1 then b:=Product([l..l1-1],i->n-i); fi;
return b;return b;
end;;end;;
CU:=function(sigma,tau)CU:=function(sigma,tau)
return csu(sigma,())/csu(sigma,tau)*p(sigma,tau);return csu(sigma,())/csu(sigma,tau)*p(sigma,tau);
end;;end;;
S10:=SymmetricGroup(10);S10:=SymmetricGroup(10);
C10:=ConjugacyClasses(S10);C10:=ConjugacyClasses(S10);
T5:=Union(Filtered(C10,x->Size(MovedPoints(RepresenT5:=Union(Filtered(C10,x->Size(MovedPoints(Representative(x)))<=5));;tative(x)))<=5));;
c:=List(C10,Representative);;c:=List(C10,Representative);;
F:=List(c,a->[a,Filtered(T5,x->xˆ-1*a in T5)]);;F:=List(c,a->[a,Filtered(T5,x->xˆ-1*a in T5)]);;
F2:=List(F,X->[X[1],Orbits(Centralizer(S10,X[1]),X[F2:=List(F,X->[X[1],Orbits(Centralizer(S10,X[1]),X[2])]);;2])]);;
F3:=List(F2,X->[X[1],List(X[2],Representative)]);;F3:=List(F2,X->[X[1],List(X[2],Representative)]);;
F4:=Difference(F3,[F3[1]]);;F4:=Difference(F3,[F3[1]]);;
List(F4,X->Sum(X[2],x->CU(X[1],x)));List(F4,X->Sum(X[2],x->CU(X[1],x)));

 In the following, we present the result of the above program in GAP:

[32/3*n^3 -89*n^2+739/3*n-220, 2/3*n^3+35*n^2 -779/3*n+460, 72*n-162,
102,

0, 11/2*n^3 -27*n^2+7/2*n+90,7*n^2+89*n-500, 14*n+140, 6, n^2+71*n
-190,

76, 4, 18, 44*n^2 -300*n+520, 80*n-210, 82, 0, 8*n+174, 10, 0, 98, 0,
15/2*n^2+165/2*n-480, 10*n+172, 12, 82, 2, 2, 2, 84*n-234, 72, 0,

12,
0, 7*n+189, 14, 0, 80, 0, 9, 0 ]
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By running a similar program in GAP to compute N(n, 6) and N(n, 7), we obtained the 
following results, respectively.

[ 181/12*n^4 -401/2*n^3+11783/12* n^2 -4153/2*n+1590,
3/4*n^4+329/6* n^3 -2735/4*n^2+15769/6* n-3250 ,
147*n^2 -627*n-810, 3*n^2+189*n+358, 260, 20,
53/8*n^4 -193/4*n^3 -197/8*n^2+3265/4* n-1455 ,
29/3*n^3+224*n^2 -8231/3*n+7030 , 18*n^2+644*n-3478 ,
30*n+616, 26, 2/3*n^3+143*n^2 -1979/3*n-614,
200*n+426, 220, 2, 18*n+786, 6, 6,
212/3*n^3 -808*n^2+9172/3*n-3800 , 151*n^2 -679*n-642,
n^2+207*n+318, 212, 8, 9*n^2+779*n-3984 , 18*n+748,
18, 144, 2, n^2+191*n+458, 188, 4, 22, 0,
55/6*n^3+465/2* n^2 -8375/3*n+7120 , 15*n^2+685*n-3618 ,
20*n+732, 32, 200*n+432, 192, 0, 12, 10*n+792,
12, 0, 202, 0, 153*n^2 -705*n-558, 216*n+298, 188, 2,
12*n+814, 14, 2, 176, 2, 2, 2, 21/2*n^2+1505/2*n-3871,
14*n+798, 28, 154, 0, 14, 0, 208*n+368, 176, 0, 16, 0,
9*n+828, 18, 0, 170, 0, 11, 0 ]

[ 607/30*n^5 -4675/12*n^4+8807/3* n^3 -129041/12*n^2+190471/10* n-12978 ,
11/15*n^5+327/4* n^4 -8917/6*n^3+37061/4* n^2 -730247/30*n+22582 , 238*

n^3 -1263*n^2 -9487*n+51702 ,
2*n^3+429*n^2+2257*n-31130 , 600*n+4660 , 740, 0, 309/40*n^5 -615/8*n

^4 -1031/8*n^3+31551/8* n^2 -308017/20*n+18543 ,
47/4*n^4+2809/6* n^3 -36467/4*n^2+302381/6* n-89810 , 71/3*n^3+1629*n

^2 -52250/3*n+39018 , 33*n^2+2883*n-9470 , 66*n+2246 ,
20, 3/4*n^4+1345/6* n^3 -4795/4*n^2 -56365/6*n+50848 , 386*n^2+3406*n

-36558 , 2*n^2+486*n+5620 , 494, 12,
27*n^2+2943*n-9474 , 36*n+2292 , 42, 438, 0, 103*n^4 -1730*n^3+10649*

n^2-28222*n+26880 , 242*n^3-1351*n^2 -8851*n+50190 ,
2/3*n^3+407*n^2+8761/3* n-34354 , 552*n+5092 , 536, 0, 38/3*n^3+1901*

n^2 -58931/3*n+45052 , 23*n^2+3025*n-9914 ,
38*n+2410, 32, 408*n+6444 , 398, 4, 6, 2/3*n^3+367*n^2+10801/3* n

-37238 , 456*n+6028 , 436, 0, 22*n+2546 , 20, 4, 240,
0, 265/24*n^4+5825/12* n^3 -222565/24*n^2+612325/12* n-90755 , 55/3*n

^3+1761*n^2 -55498/3*n+41958 , 26*n^2+2974*n-9702,
42*n+2510, 38, 371*n^2+3669*n-37704 , n^2+459*n+5932 , 414, 6, 22*n

+2460 , 34, 0, 11*n^2+3229*n-10788 , 22*n+2510 , 22,
294, 2, 26, n^2+399*n+6552 , 384, 4, 26, 0, 244*n^3 -1395*n^2 -8533*n

+49434 , 396*n^2+3252*n-35966 , 528*n+5308 , 434, 0,
18*n^2+3096*n-10136 , 24*n+2492 , 38, 350, 0, 408*n+6496, 386, 0,

14, 0, 12*n+2510, 14, 0, 362, 0,
77/6*n^3+1897*n^2 -117677/6*n+44975 , 21*n^2+3045*n-9924, 28*n+2592 ,

44, 420*n+6344, 366, 2, 16, 14*n+2578 , 16, 2,
324, 2, 2, 2, 376*n^2+3592*n-37408 , 480*n+5776 , 384, 0, 16*n+2560 ,

32, 0, 288, 0, 16, 0, 27/2*n^2+6345/2*n-10467 ,
18*n+2592, 36, 306, 0, 18, 0, 420*n+6370, 360, 0, 20, 0, 11*n

+2585 , 22, 0, 312, 0, 13, 0 ]
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Here is a code written in GAP [11] to compute N(n, r) from Algorithm 2:
sumchar:= function(G,i,j,s,NCju)
local A,irr,x;
irr:=Irr(G);;
A:=[];;
for x in [1..NCju] do
Add(A,(irr[x][i]*irr[x][j]*irr[x][s])/irr[x][1]);
od;
return(Sum(A));
end;
N:=function(n,r)
local G,Cju,NCju,Ir,I2r,H,k,list,c,l,i,j,cijl;
G:=SymmetricGroup(n);
Cju:=ConjugacyClasses(G);;
NCju:=NrConjugacyClasses(G);
Ir:=Filtered([1..NCju],t->NrMovedPoints(Representative(Cju[t]))<=r);
I2r:=Filtered([2..NCju],t->NrMovedPoints(Representative(Cju[t]))<=2*r);
resultlist:=[];
for l in I2r do
k:=0;
for i in Ir do
for j in Ir do
cijl:=((Size(Cju[i])*Size(Cju[j]))/Size(G))*sumchar(G,i,j,l,NCju);
k:=k+cijl;
od;
od;
Add(resultlist,[Representative(Cju[l]),k]);
od;
return(resultlist);
end;
ComputN:=functiona(n,r)
local data,max, maxdata;
data:=nr(n,r);;
max:=Maximum(List(data,i->i[2]));;
maxdata:=Filtered(data,i->i[2]=max);;
return(maxdata);
end;
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